A concise definition expressed in terms of the mortality (hazard) rate as well as the survival function is proposed for modeling human mortality decelerating to a plateau. Several mortality leveling-off aging distributions are considered and the question concerning the identification of the 'onset of deceleration' is discussed.
Introduction
A human life cycle consists of infancy, childhood, adolescence, young adulthood, adulthood and old age. For simplicity, we may group them into three phases: childhood, adulthood and senescent.
There has been a long-held belief that the mortality (hazard) rate decreases during the early childhood and remains largely constant during the adulthood and the rate increases during the old age leading to eventual death.
An important measure of the aging process may be given by the hazard (mortality) rate which gives the likelihood of immediate death (failure) of an individual who has survived after age t. The mortality rate function during a human life journey may be partitioned into three segments:
• infant mortality (early childhood), • useful life period (adulthood), and A bathtub shaped (first decreasing, then constant and eventually increasing) hazard rate curve is often considered to be appropriate for describing the human mortality phenomenon because of the combined shape spanning over the three life phases. There are many distributions that could give rise to such a hazard shape, see Chapter 3 of Lai and Xie [1] .
The bathtub shaped hazard rate distributions are useful for reliability engineering due to design or manufacturing defects that cannot be completely eliminated, thus resulting in a subpopulation of the so-called ''weak sisters''. Consequently, the hazard rate decreases over the early part of a product life cycle. It is found that many electronic components/systems often manifest a bathtub shape hazard rate.
While the bathtub model is a realistic model for many engineering products, it does not resonate well with human population mortality study. Two features of the model do not correspond well with reality:
(i) It is reported by Meckel [2] that ''. . . in the most developed and wealthiest regions less than 1% of infants fail to survive their first year'', so the early life phase described by the beginning segment of a bathtub is no longer pertinent for many countries due to advancements in medicine and science during the 20th century. (ii) As far as we are aware of, almost all such bathtub models have the mortality rate increases to infinity in the last phase.
Thus, the last section of a bathtub model behaves somewhat like the well known Gompertz model in the mortality study. This property does not seem to be consistent with the real life phenomenon. It has been reported in many studies, though the human mortality rate increases during the late life phase, it nevertheless levels off to a finite value as age advances.
The first important observation of mortality leveling-off in humans was given by Greenwood and Irwin ([3] , p. 14) saying, ''the increase of mortality rate with age advances at a slackening rate, that nearly all, perhaps all, methods of graduation of the type of Gompertz's formula overstate senile mortality''. They also suggested the possibility that with advancing age the rate of mortality asymptotes to a finite value''. Witten [4] and others observed that in human populations, the acceleration of mortality rate slows after 85 years. After 105 years, the mortality rate appears to cease increasing and may even decrease at these extremely advanced age. This mortality rate plateaus phenomenon is quite puzzling as it goes against one's intuition.
Economos [5] was the first researcher who described the mortality leveling-off phenomenon in animals and manufactured products. He demonstrated mortality leveling-off at advanced ages for invertebrates (including fruit flies and house flies), rodents, and several manufactured products.
Vaupel [6] states that ''Mortality decelerates. Whether mortality is slowing increasing, level, slowly decreasing, or rapidly decreasing after age 110 is uncertain''. It is also noted the late life deceleration phenomenon is common in many other organisms, and even in automobiles. Vaupel and his colleagues produced conclusive empirical evidence of deceleration/leveling-off phenomenon. See also the recent discussion on human aging by Vaupel [7] .
Thus, we now propose a new classification for human life phases: child-adulthood, senescent, and late life. The present study concerns modeling human aging process over these three life phases.
In Section 2 of this paper, we give two definitions for mortality deceleration. A concise definition for the mortality leveling-off characteristic is given in Section 3 which is divided into several subsections. We also address in this section the question on how to identify the onset of deceleration of a mortality curve. Several simple aging distributions are proposed to describe mortality leveling off to an asymptote in Section 4. We propose in Section 5 a new aging model with an S-shape mortality curve which we find interesting and promising for human mortality study. Finally, Section 6 concludes the paper.
Notations and acronyms.
Let F (t) be the cdf of the aging distribution with pdf f (t) and the survival functionF (t) = 1 − F (t). Also h(t) denotes the hazard rate function which is also known as the failure rate function or the force of mortality in insurance study. In mortality studies, h(t) is simply referred to as the mortality curve. Note that the survival function is related to the cumulative hazard
. Also, we show that η(t) =F ′′ (t)/f (t) = −F ′′ (t)/F ′ (t) may also be used to define the mortality leveling-off phenomenon.
Definitions for mortality deceleration off phenomenon
Although the late-life mortality deceleration phenomenon has been observed for some time in the literature, there does not appear to have a concise mathematical definition for what is meant by 'deceleration'. In this section, we list some of the definitions that are given recently in [8] and also give an explicit definition for late-life mortality reaching plateau.
Hazard rate based definitions
As mentioned earlier, the 'mortality rate' in population studies is simply known as the hazard rate in reliability and survival contexts. The late life mortality leveling-off phenomenon is well know in biological organism, see for example, [9] .
One may define the mortality deceleration phenomenon from two approaches:
• Hazard rate based definitions.
• Survival function based definition.
The following definitions are recently given in [8] . Within the class of mortality rate ultimately decelerating distributions, we are particularly interested in a subclass in which the mortality curve is leveling off to a constant.
Definition 2.
The force of mortality h is ultimately decreasing (UD) if and only if there exists an age t * * such that h ′ (t) < 0 for all t > t * * . The upside-down bathtub shaped (unimodal) hazard rate distribution is covered by this definition. The smallest such t * * is denoted by t ONV and called the 'onset of negative velocity', or the 'onset of decline'. The concepts espoused in Definitions 1 and 2 were similarly defined in [10] . Note that several well known life distributions have unimodal hazard rate curves, notably, the lognormal, inverse Weibull, inverse Gaussian, Birnbaum-Sanders, log-logistic, etc.; they all exhibit this characteristic. Since our main focus is on the hazard (mortality) rates decelerating to an asymptote, we will not further discuss this definition.
UID mortality rate may not lead to mortality plateau
The above definition of UID (ultimately increasing but decelerating) does not explicitly cover the case whereby the mortality is leveling off to a constant. It is easy to see that some UID mortality rates may not lead to mortality leveling off.
Consider, for example, the well known Weibull distribution given bȳ
It follows from the above that for 1 < α < 2, h ′ (t) > 0 and h ′′ (t) < 0 for all t so the distribution is UID. However, h(t)
does not converge to an asymptote. Note that the Weibull distribution is often used as an alternative to the Gompertz model in some mortality studies.
New definition for mortality leveling-off distributions
We note earlier that a mortality rate function h(t) that is ultimately increasing but decelerating may not lead to leveling off to an asymptote. Thus, a new definition is required to cover the case of mortality plateauing.
Definition A. F is called a mortality leveling-off distribution if its mortality rate h(t) increases with age t throughout the whole life span but is leveling off to an asymptote.
Clearly, h(t) being increasing and leveling off would imply h ′ (t) > 0 for all t and lim t→∞ h(t) = c.
Definition B.
F has an S-shape mortality curve if h(t) is first convex increasing followed by concave increasing and leveling off eventually. In other words, the mortality rate function h(t) itself has an S-shape. That is, h
, and h ′′ (t) < 0 for t > τ . In addition lim t→∞ h(t) = c. The change point τ (point of inflection) is considered to be the 'onset of decreasing velocity' denoted by t ODV as defined in Section 2.1.
Why S-shape hazard rate distributions?
Gompertz [11] proposed a simple mortality rate function:
which is increasing exponentially to ∞. In many real life situations, the Gompertz hazard curve over estimates the mortality during the senescent period. (Yashin et al. [12] observed that the initial stage of aging (between 35 and 85 years old for humans) is characterized by the Gompertz-Makeham mortality curve.) The S-curve consists of three segments:
• The first phase of the S shape corresponds to the childhood to adulthood with almost constant mortality due to the modern medical advancement which eliminates or minimizes the effect of birth defects.
• The second segment of the S curve corresponds to the mortality acceleration which is the wear-out phase.
• The third is the late life deceleration phase during which h(t) levels off to a finite value.
The S-shape reflects realistically how humans age over their life span.
Defining mortality deceleration via survival function ?
Intuitively, deceleration of aging process commences when the survival functionF (t) begins convex decreasing, that is, whenF ′′ (t) > 0. However, this condition by itself alone is definitely not sufficient to ensure mortality leveling off to an asymptote. This is because for any arbitrary distribution F ,F
where m is the mode of f . The mortality function h(t) of such distributions may not be leveling off to an asymptote.
Example (Weibull Distribution).
It is easy to show that
It is clear from the preceding equation thatF
However, we have shown earlier that the Weibull distribution can never achieve mortality leveling-off for any α > 1. Therefore havingF ′′ (t) > 0 for t > t 0 will not necessarily result in a mortality deceleration.
Possible definition for mortality deceleration in terms of density function
In what follows, we assume the density function f (t) is differentiable and consequently h(t) is also differentiable.
, it follows that
Differentiating both sides of the last equation wrt t, we have
i.e.,F
Now, define a new function which is expressed in terms of the survival function and its derivative:
Comment. We also note that η(t) defined in (5) is the same eta function defined in [13] .
It now follows from (4) that
The η function could be used to define a mortality leveling-off distribution.
In passing, we note that h ′ (t)/h(t) is known as the age-specific of mortality change with age [14] .
Theorem. Let h(t) be the failure rate function of an aging distribution F (t) with density function f (t) that is differentiable on
is increasing in t and eventually leveling off to a constant λ, then h(t) is also increasing and eventually leveling off to the same constant.
Proof. (i):
Since f (t) is differentiable, it follows that both h(t) and η(t) are differentiable.
(ii): We next show that if the stated conditions hold, then h(t) is increasing in t. Since η(t) is an increasing function, it is clear that η ′ (t) > 0 for all t > 0. It follows from part (a) of the Theorem of Glaser [13] that h(t) is increasing in t. (iii): Since f (t) and 1 − F (t) → 0 as t → ∞, we can apply the L'Hospitals' rule to get
Thus the theorem is proved.
Consider the Weibull distribution again. Since h(t) of Weibull does not level off for α ≥ 1, the above theorem shows that its corresponding η(t) will also not to level off as t increases. Indeed,
which is an increasing function in t for α ≥ 1 but it fails to level off.
Curvature and change points
Recall in Definition A of this section, h(t) of a mortality leveling-off distribution is increasing before leveling off to a constant. One may be interested to locate the point where the curve h(t) bends most. In Definition B, the change point τ between convexity and concavity of h(t) is a point of inflection, i.e., h ′′ (τ ) = 0. It is also the 'onset of decreasing velocity'.
A change point in h(t) may be considered as the boundary of two adjacent life phases. We will see later in Section 5 that in some cases, the 'onset of decreasing velocity' t ODV may not a good indicator as when the mortality deceleration begins. As an alternative, we also propose using the curvature function that locates the point where the function in question 'bends most' as a signal for an imminent change of trend.
Definition of curvatures
Eakin and Witten [15] (also see [16] ) suggested that the point of inflection of a function can be used to partition the lifetime into ''phases''. An alternative approach using the the curvature function has been suggested [17, 18] for detecting the change of a life phase. The basic idea is that relative extrema of the curvature correspond to boundaries between various phases. The curvature function for the mortality rate h(t) is defined as:
The curvature function κ h (t) has extremes where the function h(t) bends most rapidly and is zero where it is not bending.
The usual definition of the curvature function is non-negative, achieved by using the absolute value of the second derivative in the numerator, but we find it more informative not to have the absolute values as, in this way, we learn about the ''direction'' of bending which happens either ''convexly'' or ''concavely'', depending on the sign of the second derivative. Both are of interest in our applications.
We note from (9) that if the 'onset of decreasing velocity' τ of h(t) exists, then it is the point at which the curvature is zero! If τ = 0, then κ h (t) may be used instead to identify the onset of deceleration in some sense.
The curvature for the survival functionF (t) can be defined analogously:
A convexity in the survival function indicates a downward 'velocity' has slowed down and the maximum curvature would signal the 'onset of deceleration' of mortality in some sense.
Deceleration index
In studying mortality deceleration, we may wish to canvass how other science disciplines measure their deceleration of a 'process'.
The deceleration parameter q in cosmology is a dimensionless measure of the cosmic acceleration of the expansion of the universe.
For a function g(t) 'expanding' with time t, the deceleration is defined as
which measures the rate of change of the 'expansion'. See, for example, [19] for definition.
If q > 0, the expansion slows; q = 0, the expansion is uniform; q < 0, the expansion accelerates. We may now let g(t) =F (t) where the survival function representing the aging process is to 'expand' in t (age). Here 'expand' should be interpreted as 'contract' becauseF (t) is a decreasing function. Thus it is appropriate to modify the above definition of deceleration parameter of aging by changing the sign of the previous expression to
Clearly, we now have qF (t) = η(t)/h(t).
It follows from Eq. (6) that q(t) can be rewritten as
On the other hand, by letting g(t) = h(t) the deceleration parameter for the hazard rate function is given by
This definition could provide us another alternative in studying the human mortality deceleration phenomenon, especially concerning the 'onset of deceleration'. 
Examples of mortality leveling-off distributions
In this section, we study four aging models that have the characteristic of mortality decelerating to a constant.
Erlang distribution
The so called Erlang distribution is derived from the sum of two or more independent exponential waiting times in the queuing context. In the simple casē
The distribution is briefly discussed in [20] as an aging model. Its mortality rate is given by
To increase flexibility of the model, we add a 'lifting' constant c (known as a Makeham parameter) to the above hazard rate curve giving
It is now easy to verify that
h
which shows that h(t) is concave increasing for t > 0. Since t ODV = 0, the 'onset of deceleration' could be defined at the point of the maximum curvature after t > 0, where the curvature function in this case is
Survival function
The survival function of the Erlang distribution with a Makeham constant is
implying the point of inflection ofF (t) is at t = 2/(λ
The R package is used to compute the curvature of h(t) and its maximum is found to occur at t = 0.6 for λ = 2.5 (see Fig. 1 ). 
Deceleration parameter
For illustration purpose, we assume c = 0. Then we can show that
Thus, qF (t) < (>)0 for t < (>)1/λ. Thus for this model, the deceleration of the aging process expressed in terms of the survival function begins from t = 1/λ.
implying the mortality rate decelerates right from the beginning and the rate of deceleration increases with age t. It is our view that this mortality curve is only meaningful for describing the later part of a human life span.
Exponential gamma distribution of BLZ
A new mortality model recently proposed in [8] has hazard rate function:
which is capable of producing decelerating, plateauing and decreasing mortality rate functions and thus avoiding prejudging data. The distribution is now abbreviated as the BLZ distribution (see Fig. 2 ). 
Properties of BLZ model
The η function defined in (6) is given by
ae c/t + 1/c which can be computed easily.
Logistic frailty model
Vaupel [21] proposed a logistic frailty model which is a modification of the Gompertz law. The model was further studied by Pitchaimani and Eakin [22] . 
Hazard analysis
The hazard rate given by
where s ≥ 0 is regarded as a deceleration index. By rewriting the mortality rate as h(t) = , we see that it converges to (sα) −1 as t → ∞.
On differentiation of (19), we have
showing that h(t) is increasing (decreasing) for sAα < 1 (sAα > 1) and it converges to a constant 1/(sα). We now see that for sAα < 1, (19) is a mortality leveling-off distribution (see Fig. 3 ).
η function
The survival function that corresponds to (19) is
.
It is clear from (21) above that for this model, h(t) and η(t) almost overlap if α −1 and sA are close.
Examples of S-shape mortality distributions
The S-shaped mortality curve is defined in Section 3 and we now give two examples below:
Generalized Erlang distribution
This model has been discussed in some detail in [20] . It is a generalization of the Erlang model discussed in Section 4.1 above.
Hazard rate curve
The hazard rate of the generalized Erlang distribution has an S-shape: . τ is the point of inflection which may be considered as the change point of a life phase [15] and it is called the 'onset of decreasing velocity' according to our definition in Section 2.1.
[1+h ′ (t) 2 ] 3/2 can be calculated from (23) and (24). In our case, the minimum of κ h (t) is the inflection point of h(t) which is given by τ . It calls into question whether t ODV is always meaningful for predicting the commencement of a deceleration process. In this example, the point where the maximum curvature occurs would be more meaningful as it signals a change of direction of the mortality curve (see Fig. 4 ).
η function of the generalized Erlang distribution
It follows from (22) and (23) that
. It is now clear that η(t) increases in t and converges → λ just as h(t) does. Onset of deceleration based on a change point of η.
Recall from (6),
. The point t 0 at which η(t 0 ) = 0 is the point of inflection ofF (t) so that t 0 may be considered as an onset of deceleration. Comparisons of the two change points. Earlier, we have shown that τ = (b − 1)/2λ is a point of inflection of h(t) which could be considered as the onset of deceleration. Now it is easy to verify that η(t) < 0 at t = (
√ b > 0 because the arithmetic mean is greater than the geometric mean; it follows that τ > t 0 .
Is t 0 (where η(t) = 0) a better indicator than τ (an inflection point of h(t)) for signaling the onset of deceleration? We are unable to give a definite answer at present.
Generalized logistic frailty model
A generalization of the logistic frailty model discussed in Section 4.3 is obtained by adding a parameter β to (19) 
where s is the deceleration index that determines the extent to which the mortality rate decelerates late in life. 
By comparing this with the equation preceding (21), we see that this generalized distribution is the result of adding a shape parameter β to the original logistic frailty model. 
Consider the case when sAα < 1. We observe that h(t) increases in t for β > 1, levels off for β = 1, and levels off in a 'practical sense', although not analytically, when β = 1 + ε, where ε is positive and arbitrarily small. , where c = sAα. The plots of h(t) and η(t) for some specified parameter values are now given in Fig. 5 .
The plots show that hazard rate does have an S-shape for practical purpose. This model seems to be more realistic in describing human mortality than any other existing models; it clearly exhibits three life phases: low mortality, senescence, and mortality deceleration.
By examining (28) and its derivative, one may show that when c = sAα < 1 and β < 1, h(t) is ultimately decreasing.
Further investigations of this model are under way and the future findings will be reported elsewhere.
Conclusions
Several aging distributions that are capable of fitting human lifetime data with late life mortality decelerating to a plateau are considered and studied. The so called generalized logistic frailty model appears to be very promising as its mortality curve, with suitable chosen values of model parameters, gives a realistic description of human aging process. The question of finding the onset of deceleration is discussed although not fully solved at present.
